We study the two-dimensional Klein-Gordon equation with spin symmetry in the presence of the superintegrable potentials. On Euclidean space, the SO(3) group generators of the Schrödinger-like equation with the Kepler-Coulomb potential are represented. In addition, by Levi-Civita transformation, the Schrödinger-like equation with harmonic oscillator which is dual to the KeplerCoulomb potential and the SU(2) group generators of associated system are studied. Also, we construct the quadratic algebra of the hyperboloid superintegrable system. Then, we obtain the corresponding Casimir operators and the structure functions and the relativistic energy spectra of the corresponding quasi-Hamiltonians by using the quadratic algebra approach.
Introduction
In the relativistic quantum mechanics, the Dirac and the Klein-Gordon (KG) equations are the most appropriate wave equations to describe the dynamics of the particles with spin 1/2 and 0, respectively. The Dirac and KG equations with scalar and vector potentials of equal magnitude (SVPEM), with the identical or opposite signs, have a spin or pseudospin symmetry [1] [2] [3] . These relativistic systems with spin or pseudospin symmetry are reduced to a Schrödinger-like equation which is called quasi-Hamiltonian [4] . So, one can use the nonrelativistic mathematical techniques to investigate the relativistic systems with spin or pseudospin symmetry.
Recently, many works have been done in connection with the Dirac and the KG equations with SVPEM . Quadratic algebra approach is a mathematical technique that was constructed by Daskaloyannis in the nonrelativistic quantum mechanics [22] . He considered the quadratic integrals of the motion of the superintegrable systems in the twodimensional space and obtained the corresponding quadratic algebras. Then, by realization of this quadratic algebra in terms of the deformed oscillator algebra, he derived the structure function and the energy spectrum. The relativistic systems with SVPEM are reduced to a Schrödinger-like equation. So, the quadratic algebra approach can be employed in the relativistic quantum mechanics [1, 6, 7, 9, 13, [23] [24] [25] [26] [27] . In this paper, we want to apply the quadratic algebra approach to solve the KG equation with SVPEM in the presence of some superintegrable potentials on the two-dimensional hyperboloid and Euclidean space. Consequently, by realization of this algebra with the deformed oscillator algebra [22] , the energy eigenvalues may be obtained.
In what follows, it is shown that the KG equation with SVPEM is reduced to the Schrödinger-like equation. We investigate 2-dimensional Klein-Gordon equation that can be reduced to superintegrable systems. Indeed only in the case of spin or pseudospin symmetries, the 2D KG equation is converted to the Schrodinger-like equation. In other words, the quasi-Hamiltonians on both Euclidean plane and Hermitian hyperboloid are formulated for the relativistic systems. In Section 3, the realization of the quadratic algebra in terms of the deformed oscillator algebra is reviewed [22, [28] [29] [30] . In Section 4, we consider the quasi-Hamiltonians with harmonic oscillator and the Kepler-Coulomb superintegrable potentials which are dual to each other by Levi-Civita transformation [31] . The duality of these two superintegrable systems is shown in both relativistic and nonrelativistic quantum mechanics [32, 33] . Furthermore, we investigate 2 Advances in High Energy Physics the quasi-Hamiltonian with a hyperboloid superintegrable potential [34] . In fact, superintegrable systems on the twodimensional hyperboloid have attracted a considerable attention and have been investigated in [35] [36] [37] which contain an introduction, a development, and motivation. Also, in spaces of constant negative curvature like hyperboloid, there are generally more orthogonal coordinate systems which separate the Schrödinger equation compared to spaces of flat or constant positive curvature. By deriving the integrals of motion for the superintegrable systems, we calculate the corresponding quadratic algebras. Then, the quadratic algebra approach is used to calculate the Casimir operators, structure functions of the superintegrable systems, and relativistic energy spectra. The results are discussed in the last section.
Klein-Gordon Equation with Spin Symmetry
The Klein-Gordon wave equation describes the spinless particles. The KG equation is given by
The time-independent KG equation takes the following form:
where (r) and (r) are the scalar and vector potentials, respectively, and E is the relativistic energy. In the special case of the spin symmetry, the scalar and vector potentials have equal magnitude [7] ; that is,
Thus, the KG equation (3) becomes
In this case, the Klein-Gordon equation is reduced to a Schrödinger-like equation which is called the quasi-Hamiltonian. Therefore, the solution of the quasi-Hamiltonian with no spin-dependence leads to the relativistic energy eigenvalues. If we set
then we can rewrite (5) as a Schrödinger-like equation:
wherẽ= ( 2 /2̃+̃(r)) is the quasi-Hamiltonian and is nonrelativistic energy. Also, the quasi-Hamiltonianĩ s applicable to the pseudospin symmetry case (i.e., (r) = − (r)) by making some corrections.
In this paper, we investigate the superintegrable systems on the two-dimensional Euclidean space and on the hyperboloid. The Hamiltoniañholds for the Euclidean plane, whereas we shall introduce the Laplace-Beltrami operator for the Hermitian hyperboloid case; that is,
where
and these operators generate the Lie algebra so(2, 1) [38] :
The Cartesian coordinates 1 , 2 , and 3 are the characterization parameters of the 2D hyperboloid which satisfy (2)) with considering SVPEM could be easily constructed by substituting the Laplace-Beltrami operator in (7) ; that is
wherẽ= (−ℏ 2 Δ LB /2̃+̃( )) is the quasi-Hamiltonian on HH(2).
Quadratic Algebra Approach
The quadratic algebra for the two-dimensional superintegrable systems has been investigated by Daskaloyannis [22] . Let us briefly review the results of the 2-dimensional nonrelativistic quantum superintegrable systems with second-order integrals of motion and their associated representation of the quadratic algebras which are determined by using deformed oscillator techniques.
If and are the second-order integrals of motion of Hamiltonian , then
These generators satisfy the following commutation relations:
[ , ] = ,
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Obviously
Thus, the Casimir operator can only be written in terms of the Hamiltonian . On the other hand, a deformed oscillator algebra satisfies
where the "well behaved" real function Φ( ) is called the structure function that satisfies the boundary conditions:
These conditions lead to a Fock space of dimension + 1 which is defined by
In this stage, the quadratic algebra (13) should be realized in terms of the deformed oscillator algebra (16) . By considering the form of and ,
there are two cases.
Case 2 ( = 0, ̸ = 0 and > 0).
Quasi-Hamiltonian with Quantum Superintegrable Systems
We introduced the Schrödinger-like equation and quasiHamiltonian in Section 2. The generators of Lie group which commute with the quasi-Hamiltoniañin the two dimensions (i.e., [̃, ] = 0) are the quadratic integrals of motion that satisfy the quadratic algebra (13) . In fact, the potential̃(r) in the quasi-Hamiltoniañrefers to the twodimensional superintegrable potential. Thus, we can use the quadratic algebra approach to find the structure function Φ and consequently the energy eigenvalue of the quasiHamiltoniañjust by substituting and̃in the boundary conditions given by (17) and doing some straightforward algebraic calculations. Subsequently, by means of (6), we can obtain the relativistic energy spectrum E of the particle which was described by the Klein-Gordon equation with SVPEM.
Dual Superintegrable Systems on the Two-Dimensional Euclidean Space

Kepler-Coulomb Superintegrable
System. Let us consider the motion of the particle on a two-dimensional Euclidean space. Thus the form of the two-dimensional quasiHamiltonian in the presence of the well-known KeplerCoulomb potential in the Euclidean space is given bỹ
where is a constant. In this case, the two second-order integrals of the motion are
Using the quadratic algebra (13) with the above constants of motion, one may yield
. Note that , , and constitute the generators of SO(3) Lie symmetry group after normalization. The structure constants are = − = −2̃ℏ 2̃; (26) however, the other structure constants vanish. For this system, the Casimir operator is given by
In this case = 0 and > 0. So, we should use (22) for calculating the structure function. It yields
Thereby, the boundary conditions (17) imply
and, consequently, energy eigenvalues of the quasi-Hamiltoniañare given by
Finally, we obtain the relativistic energy spectrum of the Klein-Gordon equation with SVPEM in the presence of the Kepler-Coulomb superintegrable potential as
Harmonic Oscillator Superintegrable System.
Consider the Schrödinger-like equation (7) associated with the quasiHamiltonian (23). Now by using the Levi-Civita transformation which is written as [31] ( ) = (
the Schrödinger-like equation of the Kepler-Coulomb system turns into
(33) could be written as follows:
in which is the energy eigenvalue of the 2D harmonic oscillator. Equation (35) is the Schrödinger-like equation of the two-dimensional harmonic oscillator superintegrable potential which is identical to the Kepler-Coulomb superintegrable potential via the Levi-Civita transformation (32).
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The energy and the cyclic frequency are two characterization parameters of an oscillator which are related to each other by = ( + /2)ℏ in the quantum mechanics ( = 0, 1, 2, . . ., and refers to dimension of the configuration space of the oscillator). In a standard situation, is fixed, whereas the energy is quantized. In a nonstandard situation, the energy is fixed and frequency is quantized. Also it could be interpreted that the energy eigenvalues of a physical system depend on the frequency of the oscillator by some transformations. Hence the physical system is identical to the oscillator and the energy spectra of both systems are related to each other by the same transformations.
The quasi-Hamiltonian of the Schrodinger-like equation (35) reads̃=
wherẽ̃2 = 2 in analogy with the nonrelativistic case. The two quadratic integrals of motion of this system are given by = (
and satisfy the following commutation relations:
where = [ , ] . Note that, after normalization, , , and constitute the generators of SU (2) and the other structure constants are zero. So, by using (14), we find the Casimir operator of this system as follows:
Regarding the fact that = 0 and > 0, the structure function is given by (22) . Thus, we can obtain
At this stage, by considering the boundary conditions (17) on the structure function Φ and setting N = 0, we find 
which is the same as (30) . Now, the relativistic energy spectrum of the Klein-Gordon equation with the harmonic oscillator superintegrable potential with spin symmetry (i.e., SVPEM) could be obtained by using (6) . Thus, we obtain
Now let us substitute 2D Kepler-Coulomb superintegrable potential in the KG equation (5) with SVPEM. So we have
By using the Levi-Civita transformation (32), (46) is reduced to [33] 
By introducing new variables,
(47) becomes
The above equation is the 2-dimensional KG equation for the superintegrable harmonic oscillator with SVPEM. Therefore, (46) and (47) are dual to each other by the Levi-Civita transformation. Consequently, the energy spectra of these two equations will be related to each other by the associated (48) into (45), we find the energy spectrum for (46) as
which coincides with the result that was obtained before in (31) by the quadratic algebra approach for the relativistic superintegrable Kepler-Coulomb potential.
Hyperboloid Superintegrable
System. Assume the potential̃( ) on HH (2) is
where , ], and are positive constants. In this case, the Schrödinger-like equation can admit separation of variables in four coordinates systems and the symmetry operators that commute with the Hamiltonian are given as follows [34] .
Equidistant Coordinates.
In this system,
where −∞ < ( 1 , 2 ) < +∞ and the constant of motion is
Horicyclic
Coordinates. In this system,
where > 0, −∞ < < +∞; thus another integral of motion becomes 
where > 0, − /2 < < + /2 and the symmetry operator is given by
Hyperbolic-Parabolic
Coordinates. In this case,
where > 0, − /2 < < + /2 and the integral of motion is
Now, considering the operators { 1 , 2 , 3 , 4 }, only two of them are independent:
However, by constructing the operators , as
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Therefore, the structure constants become
and the other structure constants vanish. The Casimir of this system is obtained as
Since = 0 and > 0, we use (22) to find the structure function
Setting N = 0, one can determine parameter as
Considering the boundary conditions (17) , the structure function (65) should be positive for all values of parameter . Thus by substituting 1 and 2 in (65) we find out that the structure function is positive just for 1 . Therefore, by substituting 1 and N = + 1 in (65), we obtain energy eigenvalues of the quasi-Hamiltonian as follows:
The energy spectrum obtained by the quadratic algebra approach in (67) is the same as the energy eigenvalues that have been calculated by the approach based on separation of variables and solving the Schrodinger equation in [34] . After some calculations, for this superintegrable system on HH(2), we find the relativistic energy spectrum of the KG equation with considering SVPEM as follows:
Conclusion
The Dirac and Klein-Gordon equations with scalar and vector potentials of equal magnitude (SVPEM) are one of the most interesting areas of quantum physics. In this paper, we investigate the KG equation with the spin symmetry in the presence of superintegrable potentials in two dimensions by means of the quadratic algebra approach which are realized in the deformed oscillator algebra. Indeed the main purpose of this paper is obtaining the relativistic energy spectra of the superintegrable systems. For this reason, we use algebraic methods. The well-known Kepler-Coulomb and isotropic oscillator superintegrable systems and their associated Lie algebras have already been studied. How these two superintegrable systems are connected to each other even in relativistic case is also shown. By applying quadratic algebra approach we find both relativistic and nonrelativistic energy spectra of those systems. So we are trying to use special algebraic approach that has not been investigated before. The relativistic superintegrable harmonic oscillator potential which is dual to the superintegrable Kepler-Coulomb potential and 8 Advances in High Energy Physics a hyperboloid superintegrable potential are studied. The third system is investigated on 2-sheet hyperboloid by quadratic algebra approach for the first time. Solving the Klein-Gordon equation in the presence of this superintegrable system by the mentioned approach is new and the relativistic energy has not been studied before. The transformation of KG equation into a quasi-Hamiltonian (Schrödinger-like equation) is reviewed. Furthermore, the generators of the symmetric groups of the quasi-Hamiltonians and their corresponding quadratic algebras are obtained. Afterwards, we constructed the Casimir operator and structure function of the systems by using the structure constants of the associated quadratic algebras. As a result, energy eigenvalues of the quasi-Hamiltonians are derived. Eventually, we calculated the relativistic energy spectra of the considered superintegrable systems.
